Abstract. In [3], we introduced spherical T-duality, which relates pairs of the form (P, H) consisting of a principal SU(2)-bundle P → M and a 7-cocycle H on P . Intuitively, spherical T-duality exchanges H with the second Chern class c 2 (P ). Unless dim(M ) ≤ 4, not all pairs admit spherical T-duals and the spherical T-duals are not always unique. In this paper, we define a canonical spherical Poincaré vector bundle P on SU(2) × SU(2) and the spherical Fourier-Mukai transform, which implements a degree shifting isomorphism in K-theory on the trivial SU(2)-bundle with trivial 7-flux, and then (partially) generalise it to prove that all spherical T-dualities induce a natural degree-shifting isomorphism on the 7-twisted Ktheories of the principal SU(2)-bundles when dim(M ) ≤ 4.
Introduction
Recall that the renowned Poincaré line bundle P → S 1 × S 1 is tautologically defined and comes with a canonical connection whose curvature is the standard symplectic 2-form on S 1 × S 1 . More generally, it is defined in the holomorphic context on a polarised abelian variety in Mumford [12] , chapters 10-13, where it was used to study fine moduli problems. It was then used by Mukai [11] to give an equivalence of derived categories of coherent sheaves on an abelian variety with its dual abelian variety. In the smooth context, Hori [9] used the Poincaré line bundle to give a (shifted) equivalence of K-theories, and thereby establishing the equivalence of charges in type IIA and type IIB string theories in the absence of background fluxes. In [1, 2] (see also [5] ) a deep extension was made for principal torus bundles with nontrivial fluxes, where an equivalence of twisted K-theories was derived but importantly that there was a change in spacetime topology in general for the first time.
In [3, 4] , we introduced a new kind of duality for string theory, termed spherical Tduality, for spacetimes that are compactified as principal SU(2)-bundles with 7-flux. There we argued that the 7-twisted cohomology and the 7-twisted K-theory which featured in our main theorems classify certain conserved charges in type IIB supergravity. We concluded that spherical T-duality provides a one to one map between conserved charges in certain topologically distinct compactifications and also a novel electromagnetic duality on the fluxes.
For E a vector bundle over P , define the spherical Fourier-Mukai transform as
giving rise to the spherical Fourier-Mukai transform in K-theory
Proof. By the Künneth theorem,
and similarly
Then an easy computation shows that
It follows that
is also an isomorphism.
Define a commutative, associative products on K • (SU(2)) given by called the tensor product and convolution, respectively. This in turn defines commutative, associative products on K • (P ) and K • ( P ), both equal to (2)) and one has Theorem 2.2. The Fourier-Mukai transform in K-theory
takes the tensor product to convolution and convolution to the tensor product.
Proof. (x⊗1)⊗(y⊗1) = (x⊗y)⊗1 therefore F ((x⊗1)⊗(y⊗1)) = F ((x⊗y)⊗1) = (x⊗y)⊗ζ.
On the other hand,
This shows that F takes tensor product to convolution.
This shows that F takes convolution to tensor product, completing the proof. to determine a principal SU(3)-bundle P over S 6 . In fact, standard arguments in algebraic topology show that principal SU(3)-bundles P over S 6 are classified by the third Chern class c 3 (P ) ∈ 2Z, cf. [8] .
, whose associated complex vector bundle P of rank 3 represents the Poincare object. Note that the restriction of P to the submanifolds S 3 × {x} and {x} × S 3 are trivializable, similar to the Poincare line bundle on
, then c 3 (P ) = 2, so that P is one of the bundles that we are searching for. The associated rank 3 vector bundle E over S 6 is the non-trivial generator of K 0 (S 6 ). Recall that if X and Y are pointed spaces (i.e. topological spaces with distinguished basepoints x 0 and y 0 ) the wedge sum of X and Y , denoted X ∨ Y , is the quotient space of the disjoint union of X and Y by the identification x 0 ∼ y 0 . One can think of X and Y as sitting inside X ×Y as the subspaces X ×{y 0 } and {x 0 }×Y . These subspaces intersect at a single point, (x 0 , y 0 ), the basepoint of X × Y . So the union of these subspaces can be identified with the wedge sum X ∨ Y . Then the smash product of X and Y , denoted X ∧ Y is the quotient space (X × Y )/X ∨ Y . In particular, S 3 ∧ S 3 is homeomorphic to S 6 . By the Kervaire-Milnor theorem [10] , the smooth structure on any topological S 6 is unique, therefore S 3 ∧ S 3 is diffeomorphic to S 6 . Therefore we get a canonical degree 1 smooth projection map g : S 3 × S 3 → S 6 , and we can pullback G 2 via this projection map, giving rise to a natural principal SU (3)
and so represents the Poincaré object [P] in K-theory.
Smashing spheres.
To construct a Poincaré bundle with connection on S 3 × S 3 we will need an explicit formula for the smash product map. In this subsection we will treat the general case f :
The Poincaré bundle on S n × S n is constructed by pulling back a vector bundle with minimal nonzero Euler class from S 2n . In the next two subsections we will restrict our attention to the two examples of interest, n = 1 corresponding to ordinary T-duality and n = 3 corresponding to spherical T-duality.
We begin by recalling that S n is an S n−1 fibration over the interval I which degenerates to a point at the two endpoints {0, 1} ∈ I. For each point x i in the ith copy of S n , where i = 1 or 2, let r i ∈ I and v i ∈ S n−1 ⊂ R n be the associated points in I and the unit sphere S n−1 ⊂ R n . Note that when r i = 0 and 1, all values of v i are equivalent. To write the map f , it will be convenient to embed S 2n as the unit sphere in R 2n+1 . The function f can therefore be decomposed into 2n + 1 functions f i : S n × S n → R representing the coordinates in R 2n+1 . We will also decompose S 2n+1 into an S 2n fibration over the interval, where the interval will be correspond to the last coordinate in R 2n+1 . We assert furthermore that the n-vectors (f 1 , ..., f n ) and (f n+1 , ..., f 2n ) are parallel to v 1 and v 2 respectively. More precisely, we impose
where the α i are nonnegative functions on I × I. Similarly we demand that f 2n+1 be independent of v i and so we will write simply f 2n+1 (r 1 , r 2 ) as a function I × I → [−1, 1]. The smash product map f is therefore defined by the three functions f 2n+1 , α 1 and α 2 on I × I. By the definition of the smash product, f (S n ∨ S n ) is a single point, let it be (0 2n , −1). Choose the decomposition of S n such that S n ∨S n is the subset of S n ×S n such that r 1 r 2 = 0. Then we learn that
As we would like the smash product f to be smooth, we define f 2n+1 (r 1 , r 2 ) = −1 + r 1 r 2f (r 1 , r 2 ), α i (r 1 , r 2 ) = r 1 r 2αi (r 1 , r 2 ).
(3.
2)
The smash product map f must also have degree 1. For this it is sufficient that the preimage of (0 2n , 1) contain a single point, which we will fix to be (r 1 , r 2 ) = (1, 1). For this purpose it is sufficient to fixf (1, 1) = 2 , and to demand thatf be everywhere nondecreasing in both r 1 and r 2 . Next, recall that all values of v i are equivalent when r i = 0 and 1. Therefore f must be independent of v i when r i = 0 and 1. When r i = 0 this condition is satisfied, as the image is just (0 2n , −1). What about r i = 1? Recall that only (f 1 , ..., f n ) depends upon v 1 and (f n+1 , ..., f 2n ) upon v 2 , as they are parallel. Therefore a necessary and sufficient condition is that each n-vector vanishes when the corresponding r i = 1. In other words, we must imposẽ
Finally, we must impose that the image of f is actually on the unit sphere
and sof
Now we are done, any triplet (f ,α 1 ,α 2 ) of functions on I × I satisfying the above conditions will induce the smash product S n × S n → S 2n .
3.3.
The Poincaré bundle on the torus. As an illustration of our current construction, we give another construction of the Poincaré line bundle with connection next. Consider G = SU(2). Using the parametrization
the Maurer-Cartan form for G can be written as
where, in particular, e 3 = dψ + cos θ dφ .
We can use A = e 3 /2 as a principal connection on the principal U(1)-bundle S 3 over S 2 , where the normalization is chosen such that the integral of A over the fiber is equal to one. Then
and
To obtain the Poincaré bundle on S 1 × S 1 , we need to pull this bundle back by the smash product f :
. This is the case n = 1 of the general construction treated in the previous section. If β ∈ [0, 2π] and γ ∈ [0, 2π] are the coordinates for the two copies of S 1 , then we can define the two intervals by the maps
Fibered over each interval is an S 0 with coordinates v i ∈ {−1, 1}. The conditions (3.3) are that when r 1 = 1, corresponding to θ = π,α 1 = 0 and also when r 2 = 1, corresponding to φ = π,α 2 = 0. We satisfy these conditions by choosing
Note that the absolute values are multiplied by elements v i = ±1 ∈ S 0 in Eqn. (3.1). The effect of this multiplication is simply to remove the absolute values, resulting in a smooth map. Inserting this into Eq. (3.2) and imposing (3.4) we obtain the smash product map
In terms of spherical coordinates on the S 2 this map is (θ, φ) = arccos(−z), arctan y x
To pullback the curvature we will need the derivatives of this map
Finally we can compute the curvature on the Poincaré bundle as the pullback of the curvature on the Hopf bundle
As a consistency check, we can integrate this curvature to obtain the Chern class 
3.4.
The Poincaré bundle on a product of 3-spheres. The subgroup of SO (7) which preserves a nondegenerate 3-form on R 7 provides a 7-dimensional representation of G 2 . The restriction to block-diagonal elements diag(1, M) where M is a 6×6 matrix yields an SU(3) subgroup. The right action by the SU(3) subgroup is free and leaves fixed an S 6 . The corresponding elements of S 6 can easily be read from the leftmost column of a given G 2 matrix, which is a unit vector in R 7 and invariant under the SU(3)-action. The free SU(3)-action means that G 2 is the total space of the principle SU(3)-bundle (3)) be the invariant projection onto the vertical subbundle of the cotangent bundle of (3) is SU(3)-invariant and so provides a connection on the principal bundle G 2 −→ S 6 . To construct the Poincaré bundle over S 3 × S 3 , we need to pullback G 2 → S 6 using the smash product map f : S 3 × S 3 → S 6 . As S 3 is the group manifold of SU (2), we may use the group structure to reexpress the maps used in the general construction above. One realization of the decomposition of S 3 into an S 2 fibration over an interval is the decomposition of SU(2) into conjugacy classes corresponding to elements with eigenvalues e ±iπr . These conjugacy classes are of topology S 2 for r ∈ (0, 1) and are points, consisting of the elements ±1 ∈ SU(2), for r = {0, 1}. More specifically, for each g ∈ SU(2) we define r ∈ I and v ∈ S 2 ⊂ R 3 by
where σ are the Pauli matrices such that iσ generates the Lie algebra su (2) . Using this decomposition, to each point x ∈ S 3 × S 3 we can identify a quadruplet (r 1 , v 1 , r 2 , v 2 ) where all values of v i are identified when r i = 0 or r i = 1, as in the general construction in Subsec. 3.2.
To complete the construction, we need to define the pairα i of functions on I × I. The functionsα i can be defined as in Eqn. (3.5) in the case n = 1
The third function,f , is defined by (3.4), choosing the branch which gives a winding number of 1
as in the case n = 1, thus completing the construction of the smash product f :
The connection on the spherical Poincaré bundle is then f * A.
If we want to calculate this connection explicitly, then we may proceed as in the torus case of the previous subsection. First we construct an arbitrary element of G 2 as
e (πi(−c8M3+
where F i and M i are generators of G 2 defined in Ref. [7] , where it was noted that F i together with −M 3 generate an SU(3) subgroup.
As the Maurer-Cartan form is SU(3)-invariant, to obtain the horizontal part of the connection it will be sufficient to restrict our attetion to c i = 0, where g is a section of the bundle G 2 −→ S 6 restricted to the compliment of the north pole. As in the toroidal case, it will be convenient to work in spherical coordinates. Therefore we define v i = (sin(θ i )cos(φ i ), sin(θ i )sin(φ i ), cos(θ i )) . , where s(θ) and c(θ) represent sin(θ) and cos(θ) respectively. If we define h by g = e ih then we can write the connection as
As, by abuse of notation, we have adopted the same notation for coordinates of S 6 and S 3 × S 3 , the pullback by the smash product acts trivially so this same expression is also the connection of our Poincaré bundle. Finally, the curvature of the Poincaré bundle is
4. Spherical T-duality 4.1. Spherical T-admissibility. In the following sections, we suitably adapt the strategy in [5] Consider the unit sphere S ⊂ C 4 = H 2 . Let E := SU(2) = Sp(1) and E := SU(2) = Sp(1). Consider the embeddings i : E → S, i(z) = (z, 0) in quaternionic variables and i : E → S,î(ẑ) = (0,ẑ) similarly. Let T := E × E and 
